Abstract. This article discusses the splitting fields of noncommutative reality-based algebras with positive degree map. We show that if the standard basis has only one nonreal pair, then the minimal field of definition for the RBA is always a splitting field. In particular, this holds for any noncommutative reality-based algebra of dimension 5 or 6.
Introduction
A reality-based algebra (abbr. RBA) is a pair (A, B), where
• A is an associative unital algebra over C with skew-linear involution * ;
• B = {b 0 = 1 A , b 1 , . . . , b r−1 } is a distinguished * -invariant basis of A;
• the structure constants λ ijk , 0 ≤ i, j, k ≤ r − 1 defined by
are real numbers; and • B satisfies the pseudo-inverse condition: for all b i ∈ B, b * i is the unique element b j of B for which the coefficient of 1 A appearing in b i b j is not zero, and furthermore this coefficient is positive and equal to the coefficient of 1 in b * i b i . If we use the action of * on B to define an action of * on the indices {0, 1, . . . , r − 1}, then the pseudo-inverse condition is equivalent to: λ ij0 = 0 iff j = i * and λ i * i0 = λ ii * 0 > 0, for all i, j ∈ {0, 1, . . . , r − 1}.
The size r of the distinguished basis B is the called the rank of the RBA. The * -invariant basis elements are called real, and otherwise non-real. (This is because the value of any character of A on a real basis element has to be real. Real basis elements have also been referred to as * -symmetric or * -invariant in the literature.) Since (b * i ) * = b i for every b i ∈ B, the non-real basis elements come in pairs.
An RBA has a positive degree map if there is a * -algebra representation A → C for which δ(b i ) > 0 for all b i ∈ B. In this case each distinguished basis can be normalized by positive constants so that the coefficient of 1 in b i b * i is equal to δ(b i ), for all b i ∈ B. This basis is unique relative to δ and we refer to it as the standard basis of the RBA. We will assume from now on that the distinguished basis of an RBA with positive degree map is the standard one. For further background on RBAs, we refer the reader to [2] .
The field of definition F of an RBA with positive degree map is the minimal field extension of Q containing Λ, where Λ is the set of structure constants for the standard basis. From the definition of an RBA we know this is always a subfield of R. We will say an RBA with positive degree map is F -rational when its field of definition is F , and rational when its field of definition is Q. As the structure constants relative to the regular matrices of a finite group or the adjacency matrices of an association scheme are nonnegative integers, finite groups and association schemes produce important examples of rational RBAs with positive degree map.
When F is the field of definition for an RBA with positive degree map, F B will be an r-dimensional semisimple F -algebra. (This follows from an argument that generalizes Maschke's theorem; see [4] .) The splitting field of F B is the minimal field extension K of F for which KB is a direct sum of full matrix algebras over K. In particular, it is the minimal field K for which every irreducible character of A can be realized by a matrix representation that maps every element of the standard basis B to a matrix with entries in K.
Our main results concern noncommutative RBAs with positive degree map that have exactly one pair of nonreal standard basis elements. We show that for these RBAs the field of definition is always a splitting field. The argument makes use of the general observation that irreducible characters of RBAs can always be realized up to similarity by * -representations; i.e. those that satisfy X (a * ) = X (a) ⊤ for all a ∈ A. Higman's generalization of the FrobeniusSchur indicator is applied to show that for RBAs (A, B) with only one pair of nonreal basis elements, (i) A has a unique irreducible character χ of degree greater than 1, (ii) χ has degree 2, and (iii) every irreducible character of A is realizable over R. Then we show that there is a real * -algebra representation X affording χ for which X (F B) can be expressed as a generalized quaternion algebra α, β F defined by two nonzero parameters α, β ∈ F × . Our conclusion will follow from this because one of the two parameters can always be ararnged to be a nonzero square. The only finite groups that satisfy the hypothesis of our main theorem are the dihedral groups of order 6 and 8, but there are infinite families of table algebras and association schemes that satisfy it. It applies, for example, to all noncommutative RBAs of rank 5 and 6 with positive degree map that were discussed in [6] and [5] . Noncommutative RBAs of rank 7 can have one, two, or three pairs of nonreal elements, our theorem only applies to those with one nonreal pair. We will give an example of a noncommutative rational rank 7 RBA with three pairs of nonreal basis elements that has a * -algebra epimorphism onto the real quaternion algebra. However, we can show such RBAs can never have algebraic integer structure constants. A corollary to this is that 8 the smallest rank of any association scheme whose real adjacency algebra can surject onto the real quaternion algebra.
Frobenius-Schur indicator theory
Let (A, B) be a noncommutative RBA with positive degree map. In this section we will apply Higman's generalization of Frobenius-Schur indicator theory for coherent algebras [8] to our RBAs. The treatment given here makes use of some enhancements to Higman's approach, these are due to Akihide Hanaki.
Define ν to be a normalized value of Higman's Frobenius-Schur indicator:
, for all ψ ∈ Irr(A).
By arguing as in [8, §7], we find that ν(ψ) takes values in the set {−1, 0, 1}, and its value determines the realizibility of a representation affording ψ over the reals: the value is 0 iff ψ is not real-valued, and 1 when ψ is real-valued and is realizable over R. As shown in [8] , the number s of real b i in B is given by
is a noncommutative RBA with exactly two nonreal basis elements.
(i) A has a unique irreducible character χ with χ(b 0 ) > 1, and χ(b 0 ) = 2; and (ii) every ψ ∈ Irr(A) is realizable over the field of real numbers.
Proof. Since (A, B) has rank r and r − 2 real basis elements, we have
The gap between ψ ψ(b 0 ) 2 and ψ ν(ψ)ψ(b 0 ) is minimized when ν(ψ) = 1 for every ψ ∈ Irr(A), and this minimal gap is equal to
Since this is exactly 2, we can conclude that there is only one irreducible character of degree > 1, and that this irreducible character has degree 2, and ν(ψ) = 1 for every ψ ∈ Irr(A). The latter implies ψ is realizable over R for every ψ ∈ Irr(A).
By Lemma 1, our degree 2 irreducible character χ will be realized by a real representation Φ. We claim that χ is realized by a real * -representation. A proof of this general fact goes as follows: given a real representation Φ : CB → M n (C) of an RBA with positive degree map that affords χ, (i) first show the matrix A = r−1 i=0
is positive definite symmetric; so (ii) we can write A as A = BB ⊤ for some invertible symmetric n × n matrix B; and then (iii) X = B −1 ΦB is a real * -representation affording χ. We leave verification of these steps to the reader.
F -rationality for the χ-representation
Let (A, B) be a noncommutative rank r RBA with positive degree map δ that has exactly two nonreal distinguished basis elements. From the results of the previous section, we know that A has r − 3 irreducible characters. We let χ be the unique irreducible character of degree 2, and we list the degree one irreducible characters δ = φ 1 , φ 2 , φ 3 , . . . , φ r−4 . Let F be the minimal field of realization for the structure constants of B. We can see using Galois conjugacy that χ takes values in F . By Lemma 1 we know that the degree 2 irreducible character is realized by a real * -representation X . Since F (χ) = F and we are working over a field of characteristic zero, A χ = X (F B) will be a 4-dimensional central simple F -algebra.
If A χ were a division algebra, its maximal subfields would be quadratic extensions of F , and this implies it would have to be a generalized quaternion algebra over F . A generalized quaternion algebra over F is the 4-dimensional F -algebra F 1 + F x + F y + F (xy) with defining relations yx = −xy, x 2 = α, y 2 = β for α, β ∈ F × [9] . The algebra is determined by the choice of α and β (in either order), so it is denoted with the symbol α,β F . Up to isomorphism, this F -algebra is unchanged when α or β are multiplied by nonzero squares in F × . Furthermore, the F -algebra will be isomorphic to M 2 (F ) when either α or β can be reduced to 1 through a sequence of multiplications by nonzero squares (see [9, §1.6 and §1.7]). This is because the symbol algebra
is naturally isomorphic to the crossed product algebra (F ( √ α)/F, σ, 1), which is split because 1 is always a norm in the extension Proof. Since we are working over fields of characteristic zero, the extension F (χ)/F is separable, so by [3, (74.2) ] the center of X (F B) is isomorphic to F (χ), and the coefficients of the centrally primitive idempotent e χ corresponding to χ in the standard basis B lie in the field F (χ). From [2, Proposition 2.14], we know we can express e χ in terms of the standard basis as e χ = mχ n i
, it follows that m χ ∈ F (χ), and that expressions of all the products b i e χ b j e χ for b i , b j ∈ B in terms of the {b k e χ : b k ∈ B} can always be made with coefficients in F (χ). This implies that the characteristic polynomial of be χ for b ∈ B will have coefficients in F (χ). Since X (F B) ≃ F (χ)Be χ via X (b k ) → b k e χ , for all b k ∈ B, X (b) will have the same characteristic polynomial.
We are now ready for our main theorem. Theorem 3. Let B be the RBA δ -basis of a noncommutative RBA of rank 6 whose structure constants lie in the field F . Then the noncommutative simple component A χ of F B will be isomorphic to the full matrix ring M 2 (F ). 
Recall from Lemma 1 that every irreducible character of A is real-valued. This means every irreducible character of degree 1 will vanish on d
So it follows that m χ (s r−2 − t r−2 ) 2 = nδ r−2 . Therefore,
In particular, if we take x = m χ X (d) to be one of the generators of A χ as a quaternion algebra, then x 2 = aI for some negative real number a ∈ F . We now need to find a suitable choice for the other symbol algebra generator y. Since A χ has dimension 4, at least one of our other nontrivial * -invariant elements d ℓ ∈ {d 1 , . . . , d r−3 , c} will have matrix realization in A χ of the form
Since X (d) has the form 0 α −α 0 for some α ∈ F × , it is easy to see that in order for a symmetric matrix x = r s s u to satisfy xX (d) = −X (d)x, we only require u = −r.
accomplishes this, and for this y we have that
is a positive multiple of the identity. After conjugation by a suitable orthogonal matrix, we can assume X (d ℓ ) is a diagonal matrix with distinct diagonal entries r ℓ and u ℓ . With this choice the corresponding s ℓ will be 0. Furthermore by Lemma 2 the trace r ℓ + s ℓ and determinant r ℓ s ℓ both lie in F (χ) = F , and hence
This proves the theorem.
4. Noncommutative RBAs of rank 5, 6, and 7
The authors discussed noncommutative rank 5 RBAs in [6] and noncommutative rank 6 RBAs in [5] . In both cases Frobenius-Schur indicator theory implies that B has only one pair of nonreal basis elements. So our main theorem applies to every noncommutative RBA with positive degree map that has rank 5 or 6.
The Frobenius-Schur argument is inconclusive in the rank 7 case. Suppose F is the minimal extension of Q containing the structure constants for the standard basis of a noncommutative rank 7 RBA. If the irreducible characters are δ, φ, ψ, and χ, where δ is the postive degree map, φ(b 0 ) = ψ(b 0 ) = 1, and χ(b 0 ) = 2, then δ and χ take values in F . Therefore, the indicator values are ν(δ) = 1, ν(φ) = ν(ψ) = 0 or 1, and ν(χ) = −1 or 1. The possible numbers of * -invariant elements of B are 5, when ν(φ) = ν(ψ) = 1 and ν(χ) = 1 3, when ν(φ) = ν(ψ) = 0 and ν(χ) = 1, and 1, when ν(φ) = ν(ψ) = 1 and ν(χ) = −1.
In searching the database of small association schemes, we find several examples noncommutative association schemes of rank 7 that have 5 * -invariant relations. It is possible, as Antonou and Blau do in [1] , to construct noncommutative rank 7 RBAs with 3 * -invariant basis elements as partial wreath products of nonreal rank 3 RBAs with the noncommutative rank 5 RBAs discussed in [6] . As for noncommutative rank 7 RBAs with only one * -invariant element, the above analysis shows their character table will have the form
b 3 b * 3 m δ 1 δ 1 δ 1 δ 2 δ 2 δ 3 δ 3 1 φ 1 φ 1 φ 1 φ 2 φ 2 φ 3 φ 3 m φ ψ 1 ψ 1 ψ 1 ψ 2 ψ 2 ψ 3 ψ 3 m ψ χ 2 χ 1 χ 1 χ 2 χ 2 χ 3 χ 3 m χ Theorem 4. Noncommutative rank 7 RBAs with positive degree map whose degree 2 irreducible character has ν(χ) = −1 cannot have integral structure constants. In particular, there are no association schemes of this type.
Proof. Consider the character table above. The first orthogonality relation implies that the sums of the values of the irreducible characters other than the degree map will be 0. For φ (and ψ) this implies φ 3 = − 1 2
(1 + 2φ 1 + 2φ 2 ). If the RBA is integral, the values φ 1 , φ 2 , and φ 3 must lie in the ring O of algebraic integers of the field of character values Q(φ). But 1 + 2(φ 1 + φ 2 ) ≡ 1 mod 2O, so dividing it by 2 will result in an element of O whose 2-adic absolute value is greater than 1. Such an element can never be an algebraic integer in Q(φ).
Non-integral RBAs with postive degree map will exist, as it is relatively straightforward to produce an admissible character table (with rational character values and multiplicities), and use it to construct a representation affording χ following the approach of Antonou and Blau in [1] . For example, we have constructed a noncommutative rank 7 RBA with postive degree map that has this (admissible) character table:
